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We study adhesive contact between a rigid nanoﬁber and a
semi-inﬁnite incompressible elastic substrate. The work is moti-
vated by such applications as nanoindentation (Fischer-Cripps,
2004; Oliver and Pharr, 1992) and design of bio-inspired attach-
ment devices (Kamperman et al., 2010). Nanoidentation is perhaps
the mostly applied means of testing the mechanical properties of
materials with small volumes. There are various geometries of
nanoidenters, and a cylindrical one with ﬂat end is common in cur-
rent use. An important problem is how to estimate the effects of
intermolecular forces (e.g. the van der Waals force) between the
sample and the tip. These adhesive effects are readily seen when
testing soft polymers. In fact, geckos also stick by the van der
Waals force (Autumn et al., 2002). The extraordinary adhesive
capability of geckos lies in the ﬁnely structured setae on the feet
(Autumn et al., 2000; Russell, 2002; Sitti and Fearing, 2003). Each
seta is about 100 lm long, and contains hundreds of protruding
spatulae of typical radius around 100–250 nm. The role such a
nanoﬁber-like spatulae plays is the key of exploration.
Various mechanical models have been proposed to analyze
adhesion performance of cylindrical bodies or their arrays as
gecko-mimicking attachment structures (Hui et al., 2004; Persson,
2003a). Research based on the Johnson–Kendall–Roberts (JKR)
model (Johnson et al., 1971) in contact mechanics indicates that
splitting of a single contact into multiple smaller contacts always
leads to enhanced adhesion strength (Arzt et al., 2002, 2003; Au-
tumn et al., 2002), thus providing a theoretical basis for under-ll rights reserved.
: +86 551 3606459.standing the structures of gecko setae. Nonetheless, for a ﬂat-
ended cylinder, a puzzling prediction of the JKR type model is that
the pull-off stress can be unlimited with decreasing radius (Ken-
dall, 1971). The same trend is reﬂected as well by the Maugis–Dug-
dale (MD) (Maugis, 1992) and the Derjaguin–Muller–Toporov
(DMT) (Derjaguin et al., 1975) models. This is obviously impossible,
because the pull-off stress cannot exceed the theoretical strength
of van der Waals interaction. If the latter is set as the upper bound
of the former, then there exists a critical radius for the cylinder, be-
low which the adhesion becomes saturated so that the contact at-
tains its maximum strength, i.e. the theoretical strength of van der
Waals interaction (Gao and Yao, 2004; Gao et al., 2005; Persson,
2003b). The spatulae of geckos possess the radius well below the
critical one, meaning that they may be the result of optimization
for reliable and optimal adhesion (Gao and Yao, 2004).
While the critical radius for adhesion saturation may explain
the optimized size of gecko’s spatulae, it cannot be obtained by
the classical models of JKR, MD and DMT (Gao et al., 2005). The fact
implies that more detail of van der Waals interaction is needed to
describe the adhesion force. Towards this end, a possible route is to
start from the elementary L–J potential (Israelachvili, 1991), as in
the pioneering studies by Greenwood (1977) and Muller et al.
(1980) on adhesive contact between a rigid sphere and an elastic
substrate. Yet, the adhesive pressure in these researches is derived
on the basis of Derjaguin’s approximation (Derjaguin, 1934) for
nearly parallel surfaces, thus cannot account for the inﬂuence of
the nanoﬁber sidewall when extended to our problem. Recently,
for incompressible elastic bodies, we have proposed a new deriva-
tion of the adhesive pressure without using Derjaguin’s approxi-
mation (He, 2013; Yan and He, 2012). The result can take into
account both the exact geometries and deformations of the bodies
Fig. 1. A rigid nanoﬁber in adhesive contact with an incompressible elastic
substrate.
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to the case of a rigid nanoﬁber in adhesive contact with a semi-inﬁ-
nite elastic substrate.
The content of this paper is organized as follows. In Section 2,
the problem is outlined, and the adhesive pressure as well as the
fundamental equations and boundary conditions are derived via
a variational approach (He, 2013; Yan and He, 2012). In Section 3,
the boundary value problem is reformulated with the help of the
surface Green function of an incompressible elastic half-space,
and the solution procedure using the algorithm proposed by
Greenwood (2009) is described. Numerical results are provided
and discussed in Section 4, followed by some conclusions in Sec-
tion 5. A remarkable feature of the present work is that it can pre-
dict adhesion saturation self-consistently, without imposing the
upper bound of pull-off stress as in the previous studies.2. Model formulation
We consider a ﬂat-ended rigid nanoﬁber with circular cross-sec-
tion of radius R. As sketched in Fig. 1, the ﬁber is ﬁxed a distance a
over a semi-inﬁnite elastomeric substrate occupying the half-space
x3 < 0. When a is sufﬁciently small, the ﬁber and substrate interact
with each other via intermolecular forces so that they are in adhe-
sive contact. As a consequence, the substrate deforms, causing that
a point x shifts a displacement u to the new position xþ u. In gen-
eral, an external force F needs to be applied at the upper end of the
ﬁber so as to maintain mechanical equilibrium.We will explore the
deformation of the substrate and determine the magnitude of the
equilibrating force F. As usual, the elastomeric substrate is assumed
isotropic and incompressible, characterized by the constitutive
relationrij ¼ pdij þ lð@ui=@xj þ @uj=@xiÞ, in whichrij are the stress
components, p is the hydrostatic pressure, l is the shear modulus,
and dij stands for Kronecker’s delta which is equal to 1 for i ¼ j
and 0 for i–j. Here and in the following, repeated subscripts imply
summation from 1 to 3.
The basic idea of the present work is similar to that in our re-
cent study on adhesive contact between a rigid sphere and an elas-
tically incompressible half-space (Yan and He, 2012). Along this
line, the problem is formulated by minimizing the total energy U
of the system energy. Obviously, the energy U is the sum of two
parts, one is the elastic deformation energy of the system, and
the other is the intermolecular interaction energy between the ﬁ-
ber and substrate. In small deformations, the elastic deformation
energy can be written as UE ¼ 12
R
V rij@ui=@xjdV (Landau and Lif-
shitz, 1986), and the variation with respect to the displacements
reads
dUE ¼ 
Z
V
@rij
@xj
duidV þ
Z
A
ri3duidA; ð1Þ
where V is the volume and A the surface of the substrate. To derive
the variation of the interaction energy UI , we invoke the elementaryLennard–Jones potential wLJðlÞ ¼ 4x ðr=lÞ12  ðr=lÞ6
h i
(Israelachvil-
i, 1991), in which x and r are two parameters and l ¼ jxf  x uj
stands for the distance between two typical points xf and xþ u in
the ﬁber and deformed substrate. The intervening medium between
the ﬁber and substrate is assumed as vacuum. Then the total inter-
action energy is expressed by
UI ¼
Z
V
Z
Vf
qsqfwLJðlÞdVfdV ; ð2Þ
where Vf denotes the volume of the ﬁber, and qf and qs are the
molecular densities of the ﬁber and substrate, respectively. Note
that qs is a constant for the incompressible substrate. Omitting
the higher-order terms smaller than the displacement gradient,
we have
dUI ¼
Z
V
qs
@WðxÞ
@xj
dji  @uj
@xi
 
duidV ; ð3Þ
with WðxÞ ¼ RVf qfwLJðlÞdVf . Applications of the divergence theo-
rem and the incompressibility condition @uj=@xj ¼ 0 further lead
to dUI ¼ 
R
A fiðxÞduidA, in which
f1ðxÞ ¼ qsWðxÞ
@u3
@x1
;
f2ðxÞ ¼ qsWðxÞ
@u3
@x2
;
f3ðxÞ ¼ qsWðxÞ 1
@u3
@x3
 
:
ð4Þ
Accordingly, the variation of the total energy U is written as
dU ¼ 
Z
V
@rij
@xj
duidV þ
Z
A
½ri3  fiðxÞduidA: ð5Þ
The equilibrium of the system demands dU ¼ 0, yielding
@rij
@xj
¼ 0; in V ;
ri3 ¼ fiðxÞ: on A:
ð6Þ
The ﬁrst and second equations in Eq. (6) provide, respectively,
the stress equilibrium equations and the associated traction
boundary conditions for the substrate. From these results we know
that fiðxÞ are effectively the components of the force exerted by the
ﬁber onto unit area of the substrate. In small deformations, we can
write f3ðxÞ ’ qsWðxÞ for 1 u3;3 ’ 1, and neglect f1ðxÞ and f2ðxÞ
because their magnitudes are one order smaller than that of
f3ðxÞ. As a consequence, the force exerted by the ﬁber is character-
ized only by the normal component f3ðxÞ, usually called adhesive
pressure. Since WðxÞ depends not only on ui but also on V , both ef-
fects of the substrate deformation and ﬁber geometry are incorpo-
rated naturally in the expression of the adhesive pressure. To
maintain force balance of the nanoﬁber, the integration of the
adhesive pressure over the substrate surface must be equal to
the external force F, i.e.
F ¼
Z
A
f3ðxÞdA: ð7Þ
In this sense F can be viewed as the total adhesive force between
the ﬁber and substrate.
3. Numerical algorithm
We now turn to determine the adhesive force and the deforma-
tion of the substrate. For this purpose, an efﬁcient way is invoking
the surface Green function of an incompressible elastic half-space
(He and Lim, 2006; Landau and Lifshitz, 1986). As the semi-inﬁnite
substrate undergoes only the normal force f3ðxÞ on the surface, the
Fig. 2. Distributions of the normalized surface displacements for different ﬁber-
substrate separations.
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u1 ¼ u2 ¼ 0, while the normal displacement component is repre-
sented by
u3 ¼ 14pl
Z
A
f3 x0ð Þ
x x0j jdx
0; ð8Þ
wheredx0 ¼ dx01dx02 refers to anarea element centeredatx0 onA. Since
the force f3ðxÞ itself depends on u3 according to f3ðxÞ ¼ qsWðxÞ, Eq.
(8) is nonlinear and needs to be solved numerically.
For convenience, we adopt the cylindrical coordinate system
ðr; h; zÞ plotted in Fig. 1, and introduce the following dimensionless
quantities:
n ¼ r
R
; f ¼ z
r
; w ¼ u3
r
; d ¼ a
r
; n ¼ R
r
; s ¼ pr
3f3
A
;
e ¼ H
4p2lr3
; ð9Þ
in which H ¼ 4p2qfqsxr6, and the parameter e deﬁnes the energy
ratio of intermolecular interaction to elastic deformation. Typically,
H  1020J and r  1010m (Israelachvili, 1991), e ranges from 0.01
to 100 with l varying from 10 GPa to 1 MPa. With these notations,
Eq. (8) becomes
wðnÞ ¼ 2pne
Z 1
0
Z 2p
0
sðn0Þn0ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n2 þ n02  2nn0 cos h
p dhdn0; ð10Þ
and the adhesive pressure is recast into
sðnÞ ¼ n
2
p
Z 1
d
Z 1
0
Z 2p
0
1
s12
 1
s6
 
n0dhdn0df; ð11Þ
with s ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðfwÞ2 þ n2 n2 þ n02  2nn0 cos h q . Note that in writing
Eq. (11) the length of the ﬁber is taken as inﬁnite. By performing
integration about h and n0, we further get
sðnÞ ¼
Z 1
n
Ið1Þ6 ðn; fÞ þ Ið2Þ6 ðn; fÞ  Ið1Þ12 ðn; fÞ  Ið2Þ12 ðn; fÞ
h i
df: ð12Þ
The expressions of Ið1Þ6 ðn; fÞ, Ið2Þ6 ðn; fÞ, Ið1Þ12 ðn; fÞ and Ið2Þ12 ðn; fÞ are lengthy
and thus are listed in Appendix.
The combined equations (10) and (12) will be solved numeri-
cally by using the approach proposed by Greenwood (2009). The
ﬁrst step is to take integration about h and write Eq. (10) as
wðnÞ ¼ 2pne
Z 1
0
sðn0Þw n; n0ð Þdn0; ð13Þ
with
w n; n0ð Þ ¼ 1
pn0
 d
dn0
ðnþ n0ÞE 4nn
0
ðnþ n0Þ2
" #
 n n0ð ÞK 4nn
0
nþ n0ð Þ2
" #( )
;
ð14Þ
in which EðxÞ ¼ R 2p0 1  x sin2 t 1=2dt and KðxÞ ¼ R 2p0
1 x sin2 t
 1=2
dt are the complete elliptic integrals of the second
and ﬁrst kinds, respectively. Next, to avoid multiple values of wðnÞ
caused by jump-on or jump-off of the ﬁber, the dimensionless ﬁ-
ber-substrate separation hðnÞ ¼ dwðnÞ is chosen as a new vari-
able. Due to hð0Þ ¼ dwð0Þ and E½0 ¼ K½0 ¼ p=2, we have
hðnÞ ¼ h0 þ 2pnen
Z n0¼1
n0¼0
sðn0ÞdU n
0
n
 
; ð15Þ
where h0 ¼ hð0Þ and
UðxÞ ¼ 1
p
px ð1þ xÞE 4x
ð1þ xÞ2
" #
þ ð1 xÞK 4x
ð1þ xÞ2
" #( )
: ð16ÞThis guarantees that hðnÞ is a single-valued function of h0. The back-
ward difference scheme is used to solve Eq. (15), where the one-
dimensional domain is discretized into N non-uniform elements as
hðnIÞ ¼ h0 þ 2pnenI
XN
j¼2
sðn0jÞ U
n0j
nI
 !
U n
0
j1
nI
 !" #
; ðI
¼ 1;2; . . . ;NÞ ð17Þ
with nI being the end nodes. As such, the value of s n0ð Þ is obtained
by using the backward difference scheme
s n0j
 
¼
XM
i¼2
P n0j; fi
 
fi  fi1ð Þ; ð18Þ
in which M is the number of discrete nodes, and Pðn0j; fiÞ is deﬁned
by
P n0j; fi
 
¼ Ið1Þ6 n0j; fi
 
þ Ið2Þ6 n0j; fi
 
 Ið1Þ12 n0j; fi
 
 Ið2Þ12 n0j; fi
 
: ð19Þ
Depending on the radius of the ﬁber, the computational scale nmax
can vary from 5 to 200 while the value of N ranges from 500 to
2000. The upper limit of the integral in sðn0jÞ is 500r, and the value
of M is taken as 8000. In this way, the singular points in the ellipti-
cal integrals can be treated with the help of the relation
lim
x!0
UðxÞ ¼ 1 2=p, and the computation can be performed by using
the adaptive grids. Because the boundary conditions are nonlinear,
Newton’s method is adopted, with the iteration scheme given by
hðnþ1ÞðnIÞ ¼ hðnÞðnIÞ þ a h0  hðnÞðnIÞ
h i
; ð20Þ
in which h0 is obtained from Eq. (17), and a is a small convergence
factor that ranges from 0.0001 to 0.1 to avoid instability. The con-
vergence condition is
max
hðnþ1ÞðnIÞ  hðnÞðnIÞ
hðnÞðnIÞ
					
					
I¼2N
< 106: ð21Þ
For comparison, we will also give the results based on Derja-
guin’ approximation (Derjaguin, 1934). In this case the local adhe-
sive pressure sðnÞ is obtained from Eq. (11) by setting the upper
bound of n0 in the integral as inﬁnity, and acts only in the domain
n 6 1 on the substrate surface. That is
sðnÞ ¼ n
2
p
Z 1
d
Z 1
0
Z 2p
0
1
s12
 1
s6
 
n0dhdn0df: ðn 6 1Þ ð22Þ
An obvious weakness of such an approximation is that the effect of
the side-wall of the ﬁber cannot be clearly incorporated. By repeat-
τ
ξ
ξ
ε
δ
δ
δ
δ
Fig. 3. Distributions of the normalized adhesive pressures for different ﬁber-
substrate separations.
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dimensionless equations are reached:
hðnÞ ¼ dwðnÞ;
wðnÞ ¼ 2pnen R10 s03 n0ð Þw n; n0ð Þdn0;
hðnÞ ¼ h0 þ 2pnen
R n0¼1
n0¼0 s
0
3 n
0ð ÞdU n0n
 
:
ð23Þ
The solution strategy remains unchanged, but the computa-
tional scale nmax is taken as the dimensionless radius of the ﬁber,
i.e. nmax ¼ 1.π
σ
δ
ε
ε
ε
π
σ
(a)
(c)
Fig. 4. Relations between the normalized external force F=pR2rth and ﬁber-substr4. Results and discussions
By using the method described in the preceding section, numer-
ical results of the problem are obtained. Fig. 2 and Fig. 3 illustrate
the distributions of normalized displacement and adhesive pres-
sure on substrate surface, respectively, where e ¼ 0:01 and
n ¼ 10 are taken and the insets are the three-dimensional plots
of the surface morphologies. The case d ¼ 0:952 corresponds to
vanishing external force (F ¼ 0), in which the substrate surface de-
forms mainly in the annular region close to n ¼ 1. The correspond-
ing adhesive pressure possesses similar feature of distribution, and
experiences a transition from compressive to tensile across n ¼ 1. If
the separation is smaller, e.g. d ¼ 0:651, the adhesive force F is neg-
ative, and the substrate surface becomes compressed in the region
covered by the ﬁber end, forming a bowl-like proﬁle. Reversely, if
the separation d gets larger than 0.952, the force F is positive,
and the substrate surface begins to be pulled upwards. With fur-
ther increase of d, a local protrusion appears and grows on the sub-
strate surface. The highest protrusion occurs at d ¼ 1:225, where
the adhesive force attains the maximum. Over this threshold of
separation, e.g. d ¼ 1:716, the value of F decreases and the protru-
sion is retracted. In this situation, the ﬁber is regarded as pulled off
from the substrate.
Demonstrated in Fig. 4a–c are the relationships between the
normalized adhesive force F=pR2rth and ﬁber-substrate separation
d for different ﬁber radii n ¼ 1, 10 and 100, where
rth ¼
ﬃﬃﬃﬃﬃﬃ
10
p
H=18pr3 denotes the theoretical adhesion strength
(Bradley, 1932). The results obtained by using the Derjaguin
approximation (abbreviated as D-approximation in the sequel)π
σ
ε
ε
ε
δ
ε 
ε 
ε 
δ
(b)
ate separation d for different ﬁber radii: (a) n ¼ 1, (b) n ¼ 10 and (c) n ¼ 100.
π
σ
ε
Fig. 6. Dependence of pull-off strength on the normalized ﬁber radius.
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curve has a peak, corresponding to the normalized pull-off force
Fmax=pR2rth. In addition, the value of F=pR2rth experiences jumps
when the ﬁber of radius n ¼ 100 is brought to and taken away from
the substrate (Fig. 4c). We see that in all the cases the rigid-body
assumption exhibits signiﬁcant errors, implying that the deforma-
bility of the substrate cannot be omitted. The results obtained from
the D-approximation are in good agreement with ours for n ¼ 10
and n ¼ 100 (Fig. 4b and c), but reveal considerable differences
for very small ﬁber radius of n ¼ 1 (Fig. 4a), especially when the
substrate is compressed (F < 0). The reason can be found in
Fig. 5, where the adhesive pressures given by our model and the
D-approximation are compared for n ¼ 1 and d ¼ 0:20. The D-
approximation does not incorporate the effect of the ﬁber sidewall
explicitly, thus predicts remarkably different distribution of sðnÞ in
the annular region 0:5 < n < 1:5 and further leads to inaccurate
adhesive force. The average radius of the annular region scales
with the ﬁber radius, but the thickness essentially remains un-
changed as it is determined by the characteristic length of intermo-
lecular interaction. Therefore, for ﬁbers with large radii, such as
n ¼ 10 and n ¼ 100, the area of the annular region is much smaller
than that of the ﬁber cross-section. In this situation, the adhesive
force is not sensitive to the contribution from the adhesive pres-
sures in the annular region, meaning that the D-approximation is
valid.
In his classic work, Kendall (1971) obtained the pull-off force of
the ﬁber from the macroscopic concept of interface energy. The re-
sult, which can be written as Fmax=pR2rth ¼ 9
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3=506
p
=p
ﬃﬃﬃﬃﬃ
en
p
via our
notations, reﬂects an important property that the nominal pull-off
stress increases with decreasing ﬁber radius n. One thus expects
that, if the normalized ﬁber radius gets below the critical value
ncri ¼ 81
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3=503
p
=p2e, the adhesion is saturated so that the pull-
off stress equals the theoretical adhesion strength (Persson,
2003). To examine the phenomenon via the present model, we
show in Fig. 6 the dependence of the pull-off stress on the ﬁber ra-
dius for e ¼ 102; 103 and 104, where the results based on the D-
approximation and Kendall’s model are also given for comparison.
It is evident that the predictions of the present model and the D-
approximation are almost identical. With decreasing ﬁber radius
n, the variation of the normalized pull-off stress Fmax=pR2rth expe-
riences ﬁrstly a stage of rapid increase, followed by a plateau
approaching 1. This implies that the pull-off stress is be very close
to but always smaller than the theoretical adhesion strength if the
ﬁber radius is sufﬁciently small, thus conﬁrming the saturation of
adhesion. In contrast, the normalized pull-off stress provided byδ
δ
ε
τ 
ξ
ξ
Fig. 5. A comparison between the adhesive pressure distributions predicted by the
present model and Derjaguin approximation.Kendall’s model exhibits unbounded increase with decreasing ﬁ-
ber radius. Such a conclusion is obviously unphysical, and has to
be removed by imposing the condition Fmax=pR2rth 6 1. This sets
the values of the critical ﬁber radius ncri, as represented by the
asterisks in Fig. 6 for e ¼ 102; 103 and 104. In fact, the critical
ﬁber radius ncri physically corresponds to the characteristic size
of the pull-off stress plateau in our model. But the magnitude of
the former is signiﬁcantly larger than the latter, as is visible from
Fig. 6.5. Conclusions
We studied adhesive contact between a rigid nanoﬁber and
a semi-inﬁnite incompressible elastic substrate. A new expres-
sion of the adhesive pressure is derived from the elementary
Lennard–Jones potential, which allows one to take into account
the exact geometry of the ﬁber and the small deformation of
the substrate in a consistent manner. Numerical results con-
ﬁrm the phenomenon of adhesion saturation for small ﬁber ra-
dii, where the pull-off stress is very close to the theoretical
adhesion strength. Moreover, it is shown that the well-known
Derjaguin approximation is valid for the problem in a quite
broad region down to ﬁber radii of a few nanometers. We be-
lieve that these results may be useful for many applications,
including nanoindentation, nanopunch, and biomimic
adhesion.Acknowledgements
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Appendix A
The expressions of Ið1Þ6 ðn; fÞ, Ið2Þ6 ðn; fÞ, Ið1Þ12 ðn; fÞ and Ið2Þ12 ðns; fÞ
appearing in Eq. (12) are given by
Ið1Þ6 ðn;fÞ¼
1
4j1ðfwÞ4
n6 1þn2 3þ3n4 1þn4 ðfwÞ2h þn2 1þ3n2 ðfwÞ4þðfwÞ6i;
Ið2Þ6 n; fð Þ ¼
n4 1þ n2 þ 2n2 1þ n2 ðfwÞ2 þ ðfwÞ4
4j2ðfwÞ4
;
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1
10j3ðfwÞ10
n18 1þ n2 9h
þ 9n16 1þ n2 7 1þ n2 ðfwÞ2
þ 18n14 1þ n2 5 2þ 3n2 þ 2n4 ðfwÞ4
þ 42n12 2þ 3n2  3n10 þ 2n12 ðfwÞ6
þ 126n10 1þ n10 ðfwÞ8
þ 2n8 62 42n2 þ 18n4 þ 58n6 þ 63n8 ðfwÞ10
þ 4n6 19 6n2 þ 24n4 þ 21n6 ðfwÞ12
þ 12n4 2þ 2n2 þ 3n4 ðf
wÞ14þn2 1þ 9n2 ðfwÞ16 þ ðfwÞ18i;
Ið2Þ12 ðn; fÞ ¼
n4 1þ n2 2 þ 2n2 1þ n2 ðfwÞ2 þ ðfwÞ4h i4
10j4ðfwÞ10
;
with
j1 ¼ n4 1þ n2
 2 þ 2n2 1þ n2 ðfwÞ2 þ ðfwÞ4h i3=2;
j2 ¼ n4 1þ n2
 2 þ 2n2 1þ n2 ðfwÞ2 þ ðfwÞ4;
j3 ¼ n4 1þ n2
 2 þ 2n2 1þ n2 ðfwÞ2 þ ðfwÞ4h i9=2;
j4 ¼ n4 1þ n2
 2 þ 2n2 1þ n2 ðfwÞ2 þ ðfwÞ4h i4:References
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